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Optimization of the two-parameter seventh-order
polynomial interpolation kernel in the spectral domain

Zoran Milivojevi¢" T, Predrag Rajkovié?

YThe Academy of Applied Technical and Preschool Studies,
Aleksandra Medvedeva 20, Nis, Serbia

2University of Ni3, Faculty of Mechanical Engineering,
Aleksandra Medvedeva 14, 18104 Nis, Serbia

Y E-mail: zoran.milivojevic@akademijanis.edu.rs

Abstract. The paper presents the optimization of a convolutional seventh-order two-parameter polynomial
interpolation kernel. In its first part, the kernel is defined and its spectral characteristic H(f) is determined using
the Fourier transform. In the second part, the kernel optimization process in the spectral domain is described.
The spectral characteristic is expanded into the Taylor series, and a flatness criterion is applied. A flatness
criterion is used to prevent the upward and downward concavities of the spectral characteristic around f = 0,
ensuring that it remains flat in this region. A flatness criterion is applied to minimize the ripple of the spectral
characteristic in the pass-band. By optimizing the kernel, the optimal kernel parameters are qopr = 241/28770
and Bopt = 13/77400. The performance of the optimized kernel is evaluated in the spectral domain using
similarity measures (error function E(f), total square error E7, and the slope of the spectral characteristic).
The similarity is calculated with respect to the spectrum of the ideal interpolation kernel (box function). The
similarity measures are presented in the tabular and graphical form. A direct comparison of the similarity
measures demonstrates a higher similarity of the optimized seventh-order two-parameter kernel compared to
the one-parameter kernel, with F reduced by the factor of 1.4866 and the slope k increased by the factor of

1.52009.
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Optimizacija dvo-parametrskega interpolacijskega jedra
sedmega reda v spektralni domeni

Clanek obravnava optimizacijo konvolucijskega interpo-
lacijskega jedra sedmega reda z dvema parametroma. Na-
jprej je jedro definirano in analizirano v spektralni domeni
s Fourierovo transformacijo, nato pa je opisan postopek op-
timizacije. Spektralna karakteristika se razvije v Taylorjevo
vrsto, pri Cemer se uporabi kriterij ravnosti za zmanjSanje
ukrivljenosti okoli f = 0 in valovanja v prepustnem pasu. Z
optimizacijo dobimo optimalna parametra cop: = 241/28770
in Bopt = 13/77400. Utinkovitost optimiziranega jedra je
ovrednotena v spektralni domeni z uporabo mer podobnosti
(funkcija napake E(f), skupna kvadratna napaka Er in naklon
spektralne karakteristike). Podobnost je izraCunana glede na
spekter idealnega interpolacijskega jedra (box funkcija). Mere
podobnosti so predstavljene v tabelari¢ni in grafi¢ni obliki.
Neposredna primerjava mer podobnosti pokaze vecjo podob-
nost optimiziranega dvoparametrskega jedra sedmega reda
v primerjavi z enoparametrskim jedrom, pri Cemer se Er
zmanj$a za faktor 1.4866, naklon k pa poveca za faktor 1.5209.
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1 INTRODUCTION

In digital signal processing (DSP), especially in image,
audio and speech processing, there is a need to estimate
the value of a discrete signal between two neighboring
samples [1]. The numerical procedure for estimating
the signal between two neighboring samples is called
interpolation [2], [3]. In image processing, spatial trans-
formations, rotations, geometric transformations, etc.
are often performed [4], [5], [6]. When processing the
speech signal, there is an intensive need to estimate the
fundamental frequency when estimating the emotional
and health status of the speaker, semantic and syntactic
analysis of speech, speech synthesis, etc. [7].

The interpolation algorithms used in DSP, especially
in real-time, are primarily required to have high preci-
sion and high execution speed [8]. Convolutional inter-
polation largely fulfills the mentioned requirements and
that is why it is intensively implemented in DSP [9].
Convolutional interpolation is based on the application
of interpolation kernel r. Interpolation is realized by
convolution between a discrete signal (image, speech,
audio signal,...) and a convolution kernel r [10]. The
precision of the interpolation is directly dependent on
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the applied interpolation kernel. The ideal interpolation
kernel has the form sin(z)/z and is denoted as sinc
in the scientific literature [11]. In the time domain, the
sinc kernel (rgnc) is defined in the range (—oo,00).
The spectral characteristic of the 74, kernel is a box
characteristic (ideally flat in the pass-band and stop-
band, and with an infinitely large slope in the transition
band) [12]. A kernel with such defined characteristics
is practically impossible to realize [13]. Through the
process of windowization, it is possible to shorten the
length of the rgy,. kernel by applying a box window
function and, therefore, construct a rginc ., kernel, which
is used in convolutional interpolation. The spectral char-
acteristic of the 7, ., kernel has a significant ripple of
the spectral characteristic in the pass-band and stop-band
as well as a finite slope in the transition band. Therefore,
the precision of the interpolation is unsatisfactory. A
current problem in DSP is the construction of the
interpolation kernel of finite length L,, and shape that
satisfactorily approximates the 74, kernel in the time
and spectral domain. The current approximation of the
kernel is by means of low-order polynomials (n < 7).

Numerically, the simplest is the polynomial zeroth-
order kernel (n = 0), where the interpolated value is
determined by rounding to the nearest-neighbor sam-
ple. Convolution interpolation is realized very quickly,
but the interpolation error is large. In recent decades,
the linear (first-order, n = 1), the cubic (third-order,
n = 3) [14], the quintic (fifth-order, n = 5), and the
septic (seventh-order, n = 7) one-parameter (1P, «)
interpolation kernels have been constructed [15], [16].
As the order n of the 1P kernels increases, the inter-
polation precision increases because the time-spectrum
characteristics of the kernel are affected by changing the
kernel parameter o In this way, the optimization of the
kernel parameter « is performed. In order to better adapt
the kernel to the specific signal, two-parameter (2P, a,
B) kernels were constructed. The third-order 2P kernel
was first constructed, and later the fifth-order 2P kernel
[17]. The construction of the seventh-order 2P kernel is
presented in [18]. In [18] the spectral characteristic of
the 2P kernel is not determined.

In this paper, the spectral characteristic, Hr, 2p,
of the seventh-order 2P kernel, 77;.0p, is determined,
and the kernel is optimized in the spectral domain
[18]. The optimization is performed according to the
criterion that the spectral characteristic be flat around
f = 0, which consequently leads to the minimization
of the ripple of the spectral characteristic in the pass-
band [16]. In the first part of the paper, the kernel
r7¢h,2p 1S decomposed into the time components rg, 71,
and ro. Subsequently, the Fourier transform is applied
to these kernel components, thereby determining the
spectral characteristic of the kernel Hgyy, 2p. In the
second part of the paper, the 2P kernel is optimized in

the spectral domain according to the Flatness criterion
[16]. The Flatness criterion ensures that the spectral
characteristic is not concave upward nor concave down-
ward around f = 0. Consequently, the ripple of the
spectral characteristic H7;p, op is reduced, which in turn
increases its similarity to the box spectral characteristic
(Hgine = Hpox) of the ideal interpolation kernel 7gjpc.
Through the optimization process, the optimal values of
the kernel parameters c,p,; and Bop¢ are determined. In
addition, optimization criteria in the time domain [13],
[18] are applied: a) Slope criterion (equality of the slope
of the time characteristic of the kernel with the slope
of the 7sin. kernel at node s = 1), and b) Continuity
criterion (continuity of the (n — 1)th-order derivative at
node s = 1). The performance of the following ker-
nels is analyzed: a) non-parameterized kernels (nearest-
neighbor, 7y, linear, rr,, and windowed, 7inc,w), b) one-
parameter (1P) kernels (n = 3, n = 5, n = 7), and
c) the two-parameter (2P) kernel (n = 7) optimized in
this paper, which are optimized according to the Slope,
Continuity, and Flatness criteria. The performance is an-
alyzed in the spectral domain using similarity measures:
a) error function E(f), b) total square error E7, and c)
slope of the spectral characteristic £ [16]. The similarity
measures are calculated with respect to the spectral
characteristic Hg,. of the ideal interpolation kernel. All
results are presented in tables and graphs. A detailed
comparative analysis demonstrates the advantages of
using the seventh-order 2P kernel.

The paper is further organized as follows. Section
2 describes the seventh-order 2P interpolation kernel.
Section 3 describes the spectral characteristic of the
2P kernel. Section 4 describes the optimization in the
spectral domain. Section 5 presents the performance of
the optimized 2P kernel. Section 6 is Conclusion.

2 SEVENTH-ORDER INTERPOLATION 2P
KERNEL

2.1 Definition of the 2P Kernel

In [16] the seventh-order polynomial 1P interpolation
kernel is described. By extending this kernel and adding
an additional kernel parameter, the seventh-order 2P
kernel was constructed, as described in [17]. The 2P
kernel is defined on the interval (—5,5) and approxi-
mates the ideal sinc(s) interpolation kernel. Outside this
interval, the kernel is zero. The 2P kernel is composed
of piecewise seventh-order polynomials, which are de-
fined on the subintervals (—5, —4), (—4, —3), (-3, —2),
(—=2,-1), (-1,0), (0,1), (1,2), (2,3), (3,4), and (4, 5).
Therefore, the length of the kernel is L,, = 10. The
kernel r is defined by:
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azols|” + ... + aiols| + aoo, ls] <1
CL71|S|7 4+ ...+ a11|s| +ap1, 1< |S| <2
r(s) = a72|s|: + ...+ aiz|s| +ap2, 2<|s] <3 7
arzsls|” + ... + ais|s| + ap3, 3<|s| <4
azals|” + ... + ayals| + aps, 4<|s| <5
0, otherwise
(H

where the coefficients are ayg = 245 — 1390983 +
821/1734, agp = —621c + 352898 — 1148/867, aso
0, agp = 760 — 432808 + 1960/867 azp =
azp = —384a + 219008 — 1393/578, a9 =
ago = 1, a71 = 301la — 168558 + 1687/6936, ag:
—3309c + 1855935 — 2492/867, as;1 = 14952a —
8399580 4 32683/2312, ag; = —35640a+ 20050608 —
6791/183, a3; = 47880 — 26967508 + 2152/39,
az = —36000a + 202899653 — 13006/289, ai; =
14168 — 7987148 + 2413/139, agr = —2352a +
1326283 — 2233 /1156, are = 57a — 29475 + 35/6936,
age = —1083c + 562955 — 175/1734, as2 = 8736 —
4566545 + 1995/2312, ayo = —38720c + 20356608 —
4725/1156, asz2 = 101640 — 53745108 + 1575/136,
age = —157632c + 83821808 — 5670/289, a1z =
1333360 — 71274183+ 42525/2312, agy = —47280a+
25389005 — 8505/1156, ars = «, ags = —27a + 570,
as3 = 312a — 135383, ays = —2000c + 133608,
asz = 7680 — 7022503, ass = —17664a + 2071745,
a13 = 22528« — 3251198, ags = —12288a+ 2119324,
a7q4 = B, agqe = 7345, a54 = 4955, aqq4 = *40005,
azq = 1937583, azq = —562508, a14 = 9062503, and
ap4 = —625005

The values of the kernel parameters o and /3 directly
affect: a) the time characteristics and b) the spectral
characteristics of the 2P kernel, and consequently the
interpolation precision. The interpolation precision is
expressed through the interpolation error e and the mean
square error (MSE). By minimizing the interpolation
error, the optimal values of the kernel parameters v
and S,y are determined, i.e., the 2P kernel is optimized.
The optimization of the kernel can be performed in: a)
the time domain, and b) the spectral domain.

Sl

2.2 Optimization of the 2P Kernel in the time do-
main

The optimization in the time domain is performed
to increase the similarity of the 2P kernel r to the
ideal interpolation kernel sinc(s). In [17], the results
of the time-domain optimization are presented, where
the optimization criteria were: a) Slope criterion, and
b) Continuity criterion [13]. According to the Slope
criterion, the slope of the time characteristic of the 2P
kernel kr7yn2p at the nodes s, € {—1,1} should be
equal to the slope of the sinc(s) kernel, i.e., kL, .(sx) =
%(Sinc(sk)) = 41. In this way, the optimal kernel
parameters were determined as follows: for the 1P
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kernel, a¢1p = —1027/452574, and for the 2P kernel,
acop = 146/1917 and B¢ op = 25/18257.

Fig. 1.a shows the time characteristics of the ideal
kernel 7, the optimized 1P kernel 7¢ 74,1 p, and the
2P kernel r¢ 7:n,2p according to the Slope criterion.
According to the Continuity criterion, the continuity of
the (n—1)th-order derivative of the time characteristic of
the kernel r at the nodes s, € {—1, 1} is required, which

is ensured by lim 7™ V(s) = lim "~V (s). Since

s—s; s—)sk+
the considered 2P kernel is of seventh-order (n = 7),
the continuity condition applies to the sixth derivative,
lim,_, - r©)(s) = lim,_, + r©)(s). In this way, the
optimal kernel parameters were determined as follows:
for the 1P kernel, a¢1p = —3133/2275008 [13], and
for the 2P kernel, a¢op = 145/4468 and SBeop =
30/50087. Fig. 1.b shows the time characteristics of
the ideal kernel 7, ¢, the optimized 1P kernel r¢ 741, 1p,
and the 2P kernel r¢ 74, 2p according to the Continuity
criterion.

2 b)

Figure 1. Time characteristics of the kernels optimized ac-
cording to: a) the Slope criterion (the ideal kernel rsinc, the
seventh-order 1P kernel r¢ 7¢n,1p (¢, ip = —1027/452574),
and the seventh-order 2P kernel r¢ 75 2p (0c,2p = 146/1917,
Bc2p = 25/18257)); b) the Continuity criterion (the ideal
kernel 7inc, the seventh-order 1P kernel 7¢ 7:n,1p (e 1p =
—3133/2275008), and the seventh-order 2P kernel r¢ 7¢n,2p

(ae.2p = 145/4468, Be 2 = 30/50087)).

The following Section presents the determination of
the spectral characteristic and, subsequently, the results
of the 2P kernel optimization in the spectral-domain.

3 SPECTRAL CHARACTERISTIC OF THE
2P KERNEL

The algorithm for determining the spectral characteristic
of the seventh-order 2P kernel r (Eq. (1)) is realized
in the following steps: a) decomposition of the kernel
r into components rg, r1, and ro; b) determination of
the spectral characteristics of each kernel component
Hy, Hy, and H,; and c) determination of the spectral
characteristic of the 2P kernel H.

3.1 Time components

The seventh-order 2P kernel (Eq. (1)) can be written
in the form:
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r(s) =ro(s) +a-ri(s) + B-ra(s), 2

where 79, r1, and ro are the kernel components. The
component 7y can be expressed in the form:
TO,O(S)a |S| S 1
roa(s), 1<|s| <2
ro(s) = ’ : 3)
ro2(s), 2<]s| <3
0, otherwise

where

821
1734

1148
|| — — s+ 0ls|”

867
1960, , 5 1393 L, (@
+ 367 [s|* + 0]s] 78 [s]

+0ls| +1

Tovo(s)

1687, 2492
ro.1(s) =gaz6!®l" ~ ger I°I" T

128695 15[ 127575

3468 2312
120407 2233

6936 '~ 1156
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2312
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289
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“036° " Tmalfl
IR T
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The time kernel component r; can be written as:

175 1995

5
2312

5670,
. 6
539 |s] (6)

’1"0_’2 (S)

5]

<

(s), s| <1
11(s), 1<]s| <2
12(8), 2<]s/ <3, @)
(s), 3<|s| <4

, otherwise

1,0

ﬂ
=
—~
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N
I
3 3

<

1,3(S

o

where:

r1.0(s) =245|s|” — 621|s] 4 0|s|® 4 760]s|*

. (8
+0|s|® — 384[s|®> + 0[s| + 0 ®

r1.1(s) =301|s|" —3309|s|6 + 14952|s|°
—35640|s|*4-47880|s|> —36000[s]%  (9)
+14168|s|—2352

r1.2(s) =57|s|” — 1083|s]° + 8736|s|®
—38720|s|*4-101640|s|*> — 157632|s|, (10)
+ 133336/s| — 47280

and

r1.3(s) =1|s|"—27]s/°+312|s]> —2000|s|*
+7680|s|® —17664|s| +22528|s].
—12288

an

The time kernel component o can be written as:

s| <1
, L<s| <2
2< s <3
, 3<|s| <4’
, A<]s| <5
0, otherwise

ro(s) = (12)

where:

79.0(s) =—13909]s|” +35289|s(6+0|s|®
—43280|s|* + 0|5/ :
+21900|s|* + 0|s| + 0

13)

r9.1(s) = — 16855|s|” + 185593|s|°
— 839958|s| + 2005060|s|*
— 2696750|s|® 4 2028996|s|*’
— 798714|s| + 132628

(14)

To.2(s) = — 2947|s|" + 562955
— 456654|s]° + 2035660 s|*
— 5374510|s|> 4 8382180|s|*’
— T127418]s| + 2538900

as)

r2.3(s) = 0|s|” + 57|s|® — 1353]s|®
+13360|s|* — 70225|s|> + 207174|s|?, (16)
— 325119|s| + 211932

and
r2.4(S) :1\8\7—34|s|6

+495|s]> —4000|s|*4+19375|s|>.
—56250|s]2490625|s| — 62500

a7

The time forms of the kernel components of the 2P
kernel are shown in Fig. 2: a) ro (Fig. 2.a), b) r;
(Fig. 2.b), and c) re (Fig. 2.c).
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Figure 2. Time components of the 2P kernel: a) ro, b) r1, and
C) T2.

3.2 Spectral Components

The spectrum of the 2P kernel H(f) is calculated by
applying the Fourier transform:

H(f)=F{r(s)}
= F{ro(s) + ari(s) + Bra(s)}
= F{ro(s)} + aF{ri(s)} + BF{r2(s)}
= Ho(f) + aH1(f) + BH2(f)

where Hy, Hi, and Ho are the spectral components of
the 2P kernel. The spectral component Hj is:

(18)

1¥O(f)::k/“n ro(s)e 2™ ds. (19)

—0o0

By substituting Eq. (3) into Eq. (19), the spectral com-
ponents become:

Acos(2rf)

+ Bcos(4n f)
+ C cos(67f)
+ Dsin(2n f
+ Esin(4n f
+ F cos(67f)
-G

N V)
)
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where:

B 2676 f6
 81346268269379584
89974 f4

 162692536538759168
167685

18496

2y

_ 173376 f6
~ 61009701202034688
187974 f4
162692536538759168

3675
C= 18496 cos(67f),

22
43365’ 22)

4624

(23)

B 1977 f7
10168283533672448
40975 f5
- 81346268269379584
24573 f3
81346268269379584

@b

328965 f
9248

_ 2577 f7
T 897201488265216
89975 5
40673134134689792
24573 f3
 81346268269379584

, (25

145957 f
2312

and

5257 f 86205
F= 22T _ 2h 2
o248 Sn(67F) = Zeoa (26)

By eliminating coefficients with extremely small val-
ues (less than 107'%), the spectral component Hj is
obtained:

167685
2
18196 <57 f)

43365
—_— 4
+ 1604 cos(4n f)

3675
+ 18496 cos(67f)

1 328965

9948 mf sin(27f)
14595

+ ﬁﬂ"f Sin(47'('f)

525 )
+ %ﬂ'f sin(67 f)
86205

4624
The spectral component H is:

.27

Hi(f)= /Oo ri(s)e "2l ds. (28)

— 00
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By substituting Eq. (7) into Eq. (28), the spectral com-
ponent H; becomes:

3670 £6

— 307t f4

— 198072 f2 cos(4r f)
17955

8
1
1 1 6.6
5™ . (29)
45
_77‘,41]{'4
+ 4 cos(67f)
225 , ,
T
17955

8
+ 967° f° sin(4r f)

The spectral component Hy is:

Hy(f) = /OO rg(s)efi‘Zﬂsfds.

—00

(30)

By substituting Eq. (12) into Eq. (30), the spectral
component 5 becomes:

+ 8820 cos(27 f)
— 3150 cos(4m f)
+ 105 cos(67 f)

+ 45 cos(87 f)

— 427sin(27 f)

+ 5447 f sin(27 f)
+ 2977 f sin(4x f)
+ 307 f sin(67 f)
— 4725

The spectral components of the 2P kernel are shown in
Fig. 3: a) Hy (Fig. 3.a), b) H; (Fig. 3.b), and c) H,
(Fig. 3.0).
3.3 Spectral characteristic of the 2P kernel

By substituting Egs. (27), (29), and (31) into Eq. (18),
the spectral characteristic of the seventh-order poly-
nomial interpolation 2P kernel is determined. Fig. 4.a
shows the spectral characteristics of the ideal interpo-
lation kernel Hgi,. and the windowed kernel Hgine w
of length L,, = 10, as well as the kernels optimized
according to the Slope criterion: the 1P kernel H¢ 7¢,1p
(ac1p = —1027/452574) and the 2P kernel He 74p 2p
(acop = 146/1917, Be 2p = 25/18257). Fig. 4.b shows
the spectral characteristics of the ideal interpolation
kernel Hgip. and the windowed kernel Hgp v of length
L,, = 10, as well as the kernels optimized according
to the Continuity criterion: the 1P kernel H¢ 74 1p
(ag1p = —3133/2275008) and the 2P kernel He 745, 2p
(g op = 145/4468, Be 2p = 30/50087).

€29

Spectral
component

=== Hsim:

0.5

-0.5

c)

Figure 3. Spectral components of the 2P kernel: a) Ho, b) Hi,
and ¢) Ho.

Figure 4. Spectral characteristics of the kernels optimized
according to: a) the Slope criterion (ideal kernel 7ginc, seventh-
order 1P kernel 7¢ 7¢n,1p (acip = —1027/452574), and
seventh-order 2P kernel r¢ 7in2p (ac2p = 146/1917,
Bcep = 25/18257)); b) the Continuity criterion (ideal
kernel 7ginc, seventh-order 1P kernel 7¢ 7in1p (ae1ip =
—3133/2275008), and seventh-order 2P kernel r¢ 7¢n,2p
(ag,2p = 145/4468, Be2p = 30/50087)).

4 OPTIMIZATION IN THE SPECTRAL
DOMAIN

Optimization in the time domain is performed with the
aim of increasing the similarity of the spectral character-
istic, H, of the seventh-order 2P kernel, r, to the spectral
characteristic of the ideal interpolation kernel Hgi,,.. The
spectral characteristic Hg,. has the following features:
a) ideally flat Hg,o(f) = 1 in the pass-band, b) ideally
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flat Hgne(f) = 0 in the stop-band, and ¢) a very large
slope in the transition band (k(1/2) — oc). Due to
the finite length L,,, the characteristics of interpolation
kernels deviate from the ideal box characteristic (the
ripple of the spectral characteristic exists in the pass-
band and stop-band, and the slope in the transition band
is finite). By varying the kernel parameters « and 3, the
shape of the spectral characteristic is directly affected.
The optimization criterion is the minimization of the
ripple in the spectral characteristic. To achieve this,
conditions that the spectral characteristic must satisfy in
the vicinity of f = 0 are imposed [16]. To prevent high-
frequency emphasis, H(f) must be convex downward,
% o < 0. To prevent low-frequency suppres-
sion, thefspe/ctral characteristic must be concave upward,

d’H(f)
ar?

, > 0. Both requirements are satisfied for:
f=1/2

H(f)
=0. (32)
df? f=1/2

This is the Flatness criterion, according to which the
amplitude characteristic is flat in the vicinity of f =0,
which consequently results in the minimization of the
ripple in the pass-band. During the optimization process,
the optimal values of the kernel parameters o and 3 are
determined in accordance with the Flatness criterion.

The Taylor series of the function H (f) around fo =0
(Maclaurin series) is:

T(H=T(H(f)
= T(Ho(f) + aFi(f) + SHa(f)) .
=T (Ho(1) + oT (Hi(f)) + BT (Hal /)
=To(f) +aTi(f) + BT2(f)

where Ty, T3, and 75 are the Taylor spectral compo-
nents. By expanding up to the tenth-order, the Taylor
spectral components are determined as follows:

142 137
T 1 124 22 404
oD =1 557" I~ gqie™ ! 34)
95 6 r6 41 8 £8 10 ’
Y™ Tt ToU)
1024
Ti(f) =—1927"f* + Tﬂ4f4
, (35
13991 ¢ . 5353 4 . 0
tm "l T OUT)
and
To(f)=1056072 f2 — 43527 f4
(36)

28923 4.6 21930 ¢ .g 108

13 T fo 4 3 T fCHO(f)

By substituting Egs. (34), (35), and (36) into Eq. (33),

the Taylor series of the spectral characteristic is ob-
tained:
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To+oa-Th+p5-Ty=

142
14(192a+105605) 2 f?

867
137 1024
+(—Nﬂf%1la—4%m0n%4
L9510 28093 N g 37)
4672 482 ¢ 13 ©)7
41 5353 21930 )\ 5 .e
+( 3143 179 713 5)”f
+O(f")

In accordance with the Flatness criterion, in order to
ensure that the spectral characteristic, H(f), is flat in
the vicinity of f = 0 i.e., without ripple, it is required
that the coefficient of the f? term in the Taylor series
be equal to zero: = —142/867 — 192a:+ 10560 = 0.
This equation contains two unknowns, « and [, and
therefore does not have a unique solution. For this
reason, a stricter condition is introduced, namely that the
coefficient of the f* term is also equal to zero: —>
—137/2719 4+ 1024/11a — 43526 = 0. From these two
equations, a system of two equations with two unknowns
is formed:

142

2 1920+ 105608 = 0
867 38)
137 1024

o T 43528 =
o719t g @ 43926 =0

By solving the system, the values of the parameters that
are optimal in accordance with the Flatness criterion are
obtained:

9241 13
= 57700 Dot =P = Toaoo

Figure 5.a shows the time-domain characteristics of
the ideal kernel, 7, and the kernels optimized accord-
ing to the Flatness criterion: a) seventh-order 1P kernel
Tw 7thap (0w 1p = —71/83232), and b) seventh-order
2P kernel Tw,Tth,2P (Ozw,gp = 241/28770, ﬁw,gp =
13/77400). Figure 5.b shows the spectral characteristics
of the ideal kernel, Hgiyc, the windowed kernel Hgiyc w
of length L,, = 10, and the kernels optimized according
to the Flatness criterion: a) seventh-order 1P kernel
H,, 7th.1p (0u,1p) [16], and b) seventh-order 2P kernel
Hy 7th2p (Qw 2P, Buw2p)-

Qopt = QA

5 PERFORMANCE OF THE OPTIMIZED 2P
KERNEL

The spectral characteristics of the kernels, H, which
are optimized according to: a) the Slope criterion:
i) H¢sraap, i) Hesenip, i) Hegnip, and iv)
H¢ 74n0p (Fig. 4.a); b) the Continuity criterion: i)
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Flatness criterion

2 b)

Figure 5. a) Time-domain characteristics of the ideal kernel
Tsinc and the kernels optimized according to the Flatness
criterion: i) seventh-order 1P kernel 7y 7th,1p (Cw,1Pp =
—71/83232), and ii) seventh-order 2P kernel 7 7¢th 2P
(w,op = 241/28770, Bw,2p = 13/77400); b) Spectral
characteristics of the ideal kernel Hginc, the windowed kernel
Hgine,w of length L,, = 10, and the kernels optimized
according to the Flatness criterion: i) seventh-order 1P kernel
H, 7th,1pP (aw,1pP), and ii) seventh-order 2P kernel H, 7¢h 2P

(aw,QP, Bw,QP)-

He 3rq,1p,11) He 5:n,1p, 1i1) He 7¢n,1p, and iv) He 7¢n 2P
(Fig. 4.b); and c) the Flatness criterion: 1) H, 3,4,1p, il)
Hy 5th,1p, 1il) Hy 7¢n,1p, and iv) Hy, 7¢n,2p (Fig. 5.b),
are compared with the spectral characteristic of the ideal
kernel Hg,., which has the form of a box function.
In addition, the spectral characteristics of the non-
parameterized kernels: the windowed Hginc v, and the
polynomial kernels of zero-degree (nearest-neighbor in-
terpolation) Hy, and first-degree (linear interpolation)
Hjp, are compared.

5.1 Similarity measures

As a measure of the deviation of the spectral charac-
teristics of the kernels from the box characteristic, the
following similarity measures were used: a) the error
function E(f), b) the total square error Er, and c) the
slope k(1/2) (the slope of the spectral characteristic in
the transition range between the pass-band (0 < f <
1/2) and the stop-band (1/2 < f)).

The error function, E(f), represents the squared dif-
ference of the spectral characteristics and is defined as:

E(f)y=11-H().

The total square error, Er, is defined as the integral
of the squared difference of the spectral characteristics
over the pass-band frequency range:

(39)

1 1/2
%z/ﬁhﬂﬁﬁﬁ= E(f)df. (0)

- —1/2
The slope of the spectral characteristic, k, is defined
as the derivative of the spectral characteristic (Eq. (18))

in the transition band, evaluated at f = 1/2:

_dH())

K o
df =12

(41)

Finally, the slope of the seventh-order 2P kernel
optimized according to the Flatness criterion is:

4 1
047 | 31778 _ gusora.

- 42
351 739 “2)

ke, 7thop =

5.2 Results

In Fig. 6.a, the error function, E(f), is shown for
the seventh-order polynomial 1P and 2P kernels, opti-
mized according to: a) the Slope criterion (F¢ 7¢h,1p,
E¢ 7tn2p), b) the Continuity criterion (Eg¢ 7¢h,1p,
E¢ 7in2p), and c) the Flatness criterion (E, 7¢h,1p»
1Py Ey 7en,2p). In Fig. 6.b, the corresponding error
functions are presented as log-plots. In Table 1, the
results of the total square error Ep and the slope of
the spectral characteristic k(—1/2) are presented for all
analyzed interpolation kernels.

5

Error function
H B(f) =P -HF
Ve Eae Lo oo

20

20-log B(f)

Figure 6. a) The error function, E(f), for the seventh-
order polynomial 1P and 2P kernels: i) the Slope criterion
(E(,7th,1P, E§,7th,2P), ii) the Continuity criterion (E577th,1p,
E¢ 7¢n,2p), and iii) the Flatness criterion (Ey 7th,1P, Qw,1P,
FE, 7th,2p); b) Log-plots of the corresponding error functions.

For the purpose of a comparative analysis of the
execution time, t..., of all tested kernels, the execution
time was measured using the MATLAB functions tic
and toc. The measurement was performed on the
test platform: computer DESKTOP-S2AC43P, proces-
sor: Intel(R) Pentium(R) CPU G3220 3 GHz, RAM:
8 GB, Windows 10 operating system. The execution
time, ¢, was calculated as the arithmetic mean over
10 million measurements, while, t,,;,, was determined
as the minimum value among all measurements. The
execution times of the tested interpolation kernels are:
bromenw = 2-2260 s, try o o omin = 1.9863 us, try =
0.19682 us, try min = 0.1 ps, t,, = 0.19959 pus,
trL,min = 0.1 ps, th‘BrleP = 0.36574 us, tTgr-dJP,Tnin =
0.3 ps, tryyy, 1 p = 0.67613 ps, trg,, \p.min = 0.5 ps,
broonap = 0.99561 ps, tr,  pomin = 0.8 ps, and
Crrenop = 0.9995us, trry o p min = 0.8 us. In Fig. 7 the
execution times of the interpolation kernels are presented

graphically.
5.3 Results analysis

Based on the results shown in Table 1, it can be
concluded that, for the applied Slope criterion for param-
eter optimization (equalizing the slope of the kernel’s
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Table 1. Total square error Er and slope k(1/2).

MILIVOJEVIC, RAJKOVIC

Kernel a Jé] Er k(—1/2)
Tsinc - - 0 00
Tsinc,w - - 0.0201 9.9916
rN - - 0.1280 1.5985
TL - - 0.1169 1.6202
Slope criterion
Kernel ¢ Bc ET7< kC (— 1/2)
T3rd,1P -1 0 0.0580 3.1312
T5th,1P 11/96 0 0.0532 3.4862
rrenap | -1027/452574 0 0.0501 3.6923
T7th,2P 146/1917 25/18257 | 0.0337 5.6156
Continuity criterion
Kernel Qe ﬁg ET,& k&(*l/?)
T3rd,1P -3/4 0 0.0660 2.7260
T5th,1P 1/13 0 0.0623 2.8924
Trenap | -3133/2275008 0 0.0609 2.9654
T7th,2P 145/4468 30/50087 | 0.0428 4.1942
Flatness criterion
Kernel Qg B Er. | ku(—1/2)
T3rd,1P -172 0 0.0788 2.3207
T5th,1P 3/64 0 0.0758 2.4186
T7th,1P -71/83232 0 0.0723 2.5384
T7th,2P 241/28770 13/77400 | 0.0595 3.0922
55 X107 — b) Parameterized 1P kernels: i) (r3;qi1p,n = 3) =
¢ Exif;telon Er¢sraip/Eremnnzp = 0.0580/0.0337 = 1.7211,
9, ~ i) (rsgnapsn = 5) = Er¢simar/Ercinze =
__::E , 0.0532/0.0337 = 1.5786, and iii) (rzpaip,n =
7 = Ercnnip/Ercmnep = 0.0501/0.0337 =
- L5¢ 1.4866 times; and c) Windowed sinc kernel (7sinc,w)
g = E7ginc,w/Ercmin2p = 0.0201/0.0337 = 0.5964

0.5F

0

Tsincw TN L

T3rdip  TsthaP  T7thiP  T7th2P

Figure 7. a) The mean execution time, ¢, and b) the minimum
execution time, tmin, of the interpolation kernels.

time characteristic with the slope of the sinc kernel at
the node s = 1), the total square error, Ep, of the
seventh-order polynomial 2P kernel r¢ 745 2p is smaller
compared to:

a) Non-parameterized polynomial kernels: i) nearest-
neighbor (ry,m = 0) = ET,N/ETC,7th,2P =
0.1280/0.0337 = 3.7982, and ii) linear (rp,n = 1)
= ET,L/ET<,7th,2P = 0.1169/0.0337 = 3.4688 times;

times.

The Total square error Er for the 2P kernel opti-
mized according to the Continuity criterion is smaller
compared to: a) Non-parameterized polynomial kernels:
i) nearest-neighbor (rn,n =0) = Er n/Er¢nihop =
0.1280/0.0428 = 2.9907, and ii) linear (rp,n = 1) =
ET,L/ET§77th,2P = 01169/00428 = 2.7313 times;
b) Parameterized 1P kernels: i) (r3,q4,1P,n = 3) =
Ere¢srai1p/Erennop = 0.0660/0.0428 = 1.5421,
i) (rsznipsn = 5) = Eresimapr/Erernzp =
0.0623/0.0428 = 1.4556, and iii) (rzp1p,n =
7 = ET£,7th,1P/ET§,7th,2P = 00609/00428 =
1.4229 times; and c) Windowed sinc kernel (7sinc,w)
= E7ginc,w/Ereninop = 0.0201/0.0428 = 0.4696
times.

The total square error, Ep, for the 2P kernel op-
timized according to the Flatness criterion is smaller
compared to: a) Non-parameterized polynomial kernels:
i) nearest-neighbor (ry,n = 0) = Er n/Erw 7thop =
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0.1280/0.0595 = 2.1513, and ii) linear (rp,n = 1) =
Er.1/Ery ihop = 0.1169/0.0595 = 1.9647 times;

b) Parameterized 1P kernels: i) (r3yq1p,n = 3) =
Erysrdip/Erwnhep = 0.0788/0.0595 = 1.3244,
i) (rsen,ip,n = 5) = Erusthip/Erwhop =

0.0758/0.0595 = 1.2739, and iii) (rppap,n =
7 = Erynnip/Erennze = 0.0723/0.0595 =
1.2151 times; and c) Windowed sinc (7sinc,w) =
E7sincw/Erwmtn2p = 0.0201/0.0595 = 0.3378
times.

The total square error, Ep, for the seventh-order
2P kernel optimized according to the Flatness
criterion is larger compared to: a) the Slope
criterion: ETW’7th,2P/ET<’7th,2P = 00595/00337 =
1.8030, and b) the Continuity criterion:
Eryrihor/Ereninop = 0.0595/0.0428 = 1.4167
times.

The slope of the spectral characteristic of the seventh-
order 2P polynomial kernel, optimized according to the
Slope criterion, in the transition band k(1/2), is larger
compared to: a) Non-parameterized polynomial kernels:
i) nearest-neighbor (ry,n = 0) = k¢ nopr/kn =
5.6156/1.5985 = 3.5130, and ii) linear (rp,n = 1)
= k¢mnopr/kn = 5.6156/1.6202 = 3.4660 times;
b) Parameterized 1P kernels: i) (rsyqip,n = 3)
= k<’7th72p/k‘4)3rd)1p = 5.6156/3.1312 = 1.7934,
i) (rsen,ip,m = 5) = k¢mnor/kesthap =
5.6156/3.4862 = 1.6108, and iii) (r7pip,n = 7) =
k<77thvgp/k<77th,1p = 5.6156/3.6923 = 1.5209 times;
and ¢) Windowed sinc (rsinc,w) = k¢ 7¢h,2P/ Ksine,w =
5.6156,/9.9916 = 0.5620 times.

The slope, k(1/2), for the 2P kernel optimized
according to the Continuity criterion is larger com-
pared to: a) Non-parameterized polynomial kernels:
i) nearest-neighbor (ry,n = 0) = ke rnor/kn =
4.1942/1.5985 = 2.6238, and ii) linear (rp,n = 1)
= k£77th,2P/kL = 41942/16202 = 2.5887 times;
b) Parameterized 1P kernels: i) (r3,q41pP,n = 3)
= k577th72p/l€5737«(171p~ = 41942/27260 = 1.5386,
ii) (rsghap,n = 5) = kennop/kesiap =
4.1942/2.8924 = 1.4501, and iii) (reen1p,n = 7) =
k§,7th72P/k§,7th,1P = 4.1942/2.9654 = 1.4144 times;
and ¢) Windowed sinc (rsine,w) = ke,7th,2P/ksine,w =
4.1942/9.9916 = 0.4198 times.

The slope, k(1/2), for the 2P kernel optimized
according to the Flatness criterion is smaller com-
pared to: a) Non-parameterized polynomial kernels:
i) nearest-neighbor (ry,n = 0) = k, 7nor/kn =
3.0922/1.5985 = 1.9344, and ii) linear (rp,n = 1)
= ko mnor/kr = 3.0922/1.6202 = 1.9085 times;
b) Parameterized 1P kernels: i) (rsyqip,n = 3)
= kyrthor/kosraip = 3.0922/2.3207 = 1.3324,
i) (rsinap,m = 5) = konnor/kosimir =
3.0922/2.4186 = 1.2785, and iii) (ryp,1p,n = 7) =
kw 7thop/ko 7en,1p = 3.0922/2.5384 = 1.2182 times;

and ¢) Windowed sinc (rsine,w) = kuw 7th,2P/Ksinc,w =
3.0922/9.9916 = 0.3095 times.

The slope, k(1/2), for the seventh-order 2P ker-
nel optimized according to the Flatness criterion
is smaller compared to: a) the Slope criterion:
k¢ 7tnop ko minop = 5.6156/3.0922 = 1.8161, and
b) the COIltil’lU.ity criterion: /ﬂgjthygp/kw"nhﬁgp =
4.1942/3.0922 = 1.3564 times.

Based on the execution times and Fig. 7, it can be
concluded that the smallest execution times are for the
nearest-neighbor and linear kernels (¢,,;, = 100 ns),
and that with increasing kernel order, the execution
times increase (n = 3 = tyn = 300ns, n = 5 =
tmin = 500 ns, and n = 7 = t,:n, = 800 ns). The
largest execution time is observed for the windowed
Tsinc,w Kernel = t,,;, = 1.9863 us. The execution times
of the seventh-order 1P and 2P kernels are identical
(tmin = 800 ns). However, for real-time interpolation,
the convolution algorithm must be implemented in a
programming language (e.g., C), where compiler opti-
mizations can reduce the program execution time.

Based on the detailed comparative analysis, it can be
concluded that the seventh-order polynomial 2P kernel
(r7¢en,2p), optimized according to the Slope, Continuity,
and Flatness criteria, has, compared to the windowed
sinc kernel (7ginc,w), the non-parameterized kernels (7,
rr), and the parameterized 1P kernels (r3,.q4,1p, T5th,1P>
r7th,1p): @) a smaller total square error, E7, and b)
a larger slope, k(1/2), in accordance with the corre-
sponding optimization criteria. In a direct comparison
of the seventh-order polynomial 1P (r74,1p) and 2P
(r7th,2p) interpolation kernels, it is observed that the
2P kernel has a smaller Er by 1.4866, 1.4229, and
1.2151 times, and a larger slope by 1.5209, 1.4144, and
1.2182 times. Furthermore, the execution times for the
1P and 2P kernels are identical (t,,;, = 100ns). Taking
into account: a) the previously presented comparative
analysis and b) the execution time, the seventh-order 2P
interpolation kernel, with parameters ., = 241/28770
and Bopt = 13/77400, can be recommended for imple-
mentation in real-time systems.

6 CONCLUSION

This paper has presented the optimization of the
seventh-order polynomial convolutional interpolation
two-parameter kernel r. The optimization was performed
in the spectral domain, on the spectral characteristic
H, which was determined by applying the Fourier
transform. The optimization was carried out by applying
the Flatness criterion, according to which the spectral
characteristic of the kernel in the vicinity of f = 0
exhibits neither upward nor downward concavity, i.e., it
remains flat. In this way, the ripple of the spectral char-
acteristic was minimized. For the purpose of minimizing
the spectral characteristic, it was expanded into a Taylor
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series around f = 0 (McLaren series). The elimination
of concavity and the minimization of the ripple of the
spectral characteristic were achieved by removing the
terms of the Taylor series that predominantly contribute
to the ripple. In this way, the optimization of the
kernel (rope, Hope) was carried out, and the optimal
values of the kernel parameters were determined as
o = 241/28770 and S = 13/77400. The validation
of the optimization effect in the spectral domain was
performed by calculating the similarity between the
spectral characteristic, H,,;, and the spectral charac-
teristic of the ideal interpolation kernel, Hg,.. The
similarity measures used were the error function, E(f),
the total square error, Ep, and the slope, k(1/2). The
similarity measures were calculated for the windowed
sinc kernel (7ginc,w), the non-parameterized polynomial
kernels (zero-order, first-order), and the parameterized
1P kernels (third-order, fifth-order, and seventh-order).
For all kernels, in addition to the spectral domain
optimization according to the Flatness criterion, the
similarity measures were also determined for the opti-
mization in the time domain (Slope criterion, Continuity
criterion). A detailed comparative analysis showed that
the optimized seventh-order 2P kernel, compared to
the optimized seventh-order 1P kernel, has a smaller
Er by 1.4866 (Slope criterion), 1.4229 (Continuity
criterion), and 1.2151 (Flatness criterion) times, and a
higher slope of the spectral characteristic k(1/2) by
0.5620 (Slope criterion), 1.5386 (Continuity criterion),
and 1.2182 (Flatness criterion) times. The execution
time of the 2P kernel is equal to that of the 1P kernel
(t = 800 ns). Considering the results of the comparative
analysis, the seventh-order polynomial 2P kernel with
parameters o, = 241/28770 and S, = 13/77400
can be recommended for use in real-time systems.

DATA AVAILABILITY

The numerical data used to generate the figures in this
paper have been made openly available at Zenodo:
https://doi.org/10.5281/zenodo.18421676.
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